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MAXIMUM AND ENTROPIC REPULSION FOR A GAUSSIAN 
MEMBRANE MODEL IN THE CRITICAL DIMENSION^ 

By Noemi Kurt 

Universitdt Zurich 

We consider the real-valued centered Gaussian field on the four- 
dimensional integer lattice, whose covariance matrix is given by the 
Green's function of the discrete Bilaplacian. This is interpreted as a 
model for a semiflexible membrane, d = 4 is the critical dimension for 
this model. We discuss the effect of a hard wall on the membrane, via 
a multiscale analysis of the maximum of the field. We use analytic 
and probabilistic tools to describe the correlation structure of the 
field. 

1. Introduction and main results. Let F := [-1, 1]"', and Vat : = iVy nZ'^. 
In tiiis paper we consider the real- valued Gaussian field ip = {ipx}x£VN i whose 
covariance matrix is given by the Green's function of the discrete Bilaplacian. 
Such a field can be interpreted as a model for a d-dimensional interface in 
d + 1-dimensional space. It is described by the formal Hamiltonian H]\f{ip) = 
^ J^xi^fx)"^ ■ ^'^^ this model, d = Ais critical in the sense that, in dimensions 
higher than 4, the infinite volume Gibbs measure exists (see [10, 13]), but 
not in d = 4 and below. A phenomenon of interest for random interface 
models is the so-called entropic repulsion, which refers to the fact that the 
presence of a hard wall forces the interface to move away from the wall. This 
is modeled by requiring the field {(fix} to be positive inside a certain region. 
To mathematically understand entropic repulsion, one needs to study the 
asymptotics of the probability P{(px > 0,x ^ V) for some region V C Z*^. 
In the case considered in this paper, this is achieved by first investigating 
the asymptotic behavior of the maximum of the field, via a sophisticated 
multiscale-analysis developed in [1] for the lattice free field in the critical 
dimension. The main difficulty is due to the fact that, unlike the lattice free 
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field, our model does not have a random walk representation, which is crucial 
in most approaches to the lattice free field (see, e.g., [1, 2]). To obtain the 
analogous results, we use methods from PDE to get good estimates of some 
discrete biharmonic Green's functions. 

For A; G N, let dkVN-= {x G ■ dist(2;,VAr) < k} be the boundary of 
thickness k of VXr. We write dV^ := diVj\f for the simple boundary. The 
discrete Laplacian A is defined on functions / : Z'^ — > M by 

1 

^/(^) •= ^T.(f(^ + + fix - e^) - 2/(x)), 

i=l 

where Cj denotes the unit vector in the ith coordinate direction. With some 
abuse of notation, we write Af^ := (A/)(x). By Ajy, we denote the restric- 
tion of this operator to functions which are equal to outside Vat. We write 
for the iteration, A^/(x) := A(A/)(x), and A^ for the restriction of A^ 
to functions which are equal to outside Vn. It is important to notice that 
A^ 7^ (Ajv)^. We can view A^ as the matrix given by 

iix = y,x£ Vn, 

if \x - y\ = l,x,y £ Vn, 

if \x - y\=2,x,y £ Vn, 

if \x - y\ = \/2,x,y £ Vn, 
otherwise. 

The matrix {A'j^{x,y))x,y£VN positive definite (see Remark A. 7). Let 
GN{x,y) be it's matrix inverse. This means that we can interpret Gn as a 
Green's function given by the following discrete biharmonic boundary value 
problem on Vn'- For x G Vn, 

A^GN{x,y) = S{x,y), y£VN, 

(1) 

GN{x,y) = 0, y£d2VN. 

To see the connection to boundary value problems of PDE, note that this is 
a discrete version of the (continuous) biharmonic boundary value problem 
with Dirichlet boundary conditions: 

A^u{x) = f{x), xeV, 
u{x) =0, X G dV, 

-^n(x) =0, X £ dV. 
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Here, ^ denotes the derivative in the direction of the outer normal vector. 
However, we will not directly use this correspondence between discrete and 
continuous, apart from gaining inspiration from standard PDE methods. 

The model we study in this paper is the centered Gaussian field {ipx}xeVN 
on Vn with covariances cov j\f{{px,^Py) = G]y{x, y). Denote the law of this field 
by P/v • Algebraic manipulations show that P/v is the Gibbs measure on 
with boundary conditions outside Vat and Hamiltonian 

Note that the choice of boundary conditions in the definition of and Gn 
is absolutely crucial in order to obtain a Gibbs measure (see [6], Chapter 13), 
meaning that, for A C Vn, the distribution conditional on J^a'^ = cr{^x,x G 
A'^), the sigma field generated by ipx,x S A'^, satisfies 

Pn{-\J'a^)W = PaA-)^ P^(#)-a.s., 

where 

{Za is the normalizing constant.) This implies that P/v("|-^yl<:) is the Gaus- 
sian distribution with mean 

(2) mx = -J2{A\)-Hx,y) ^ AHy,z)i;, 

y£A z£A'= 

and covariance matrix (A^)~^. Here, A^ is the restriction of A^ to functions, 
which are outside A. We would not obtain this Gibbsianness if we chose 
(Ajv)^ [resp. (A^i)^] in the place of A^ (resp. A^^). Since the range of 
interaction of A^ is 2, we see that PAr(-|^A=) = -P/v (• 1-^92^) ■ 

This model is called the membrane or Laplacian model. One should com- 
pare it to the well-known lattice free field or gradient model, whose Hamil- 
tonian is given by H'^{ip) := ^J^l^fx]"^- Note that H'^{(p) is small if (p 
is approximately constant, which implies that this model favors interfaces 
that are essentially flat. On the other hand, the membrane model prefers 
configurations with constant curvature. In the physics literature, for exam- 
ple [9, 14], linear combinations of the two models are considered as models 
for semiflexible membranes (or semiflexible polymers if d = 1). Contrary to 
the gradient model, there are only a few mathematically rigorous results for 
the membrane model, in d > 5, where the infinite volume limit exists [10, 13], 
and in d = 1 [3, 4]. One reason why the Laplacian model is more difficult to 
study is the absence of a random walk representation, which is exploited for 
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the gradient model, and allows to get precise expressions for many quanti- 
ties, in particular, the variance. In this paper we treat the membrane model 
in the critical dimension, d = 4, which means that we need to consider the 
finite volume Vn, where boundary effects come into play. Although we do 
not investigate the behavior of the field close to the boundary but only in 
the bulk, there are considerable analytical difficulties to overcome, which 
stem from the boundary conditions of the Green's function. We are able, us- 
ing analytical and probabilistic methods, to control the variances in a way 
that is sufficient to apply the methods of [1]. Let 7 := -t-, and define for 
,5 G (0,1/2) 

Vif := {xeVN-. dist(x, V^) > SN}. 
Our first result consists of bounds on the variances: 

Proposition 1.1. Let d = 4, and let < 5 < 1/2. 

(a) There exists C > such that sup^^y^vaiNi^x) < 7log -|- C. 

(b) There exists C{6) > such that sup^^ys\vaiiy{ipx) — 7log A| < C{6). 

Proposition 1.1 (together with the concentration result Lemma 2.11 in 
the next section) is the key to the results in this paper. It shows why 
the four-dimensional membrane model behaves in many ways like the two- 
dimensional lattice free field. We have the same behavior of the maximum: 

Theorem 1.2. Letd = 4:. 
(a) 



lim Pn sup ip^ > 2v/27logiV = 

(b) Let < 5 <1 /2, and <r] <1. There exists a constant c = c{ri, 5) > 
0, such that 



Pn[ sup < (2^27 - ??)logA^ < exp(-c(logA)^). 

These bounds on the maximum allow us to give the precise asymptotics 
of the probability that the field is positive on a certain region inside Vn. Let 
D gV he connected with smooth boundary, which has positive distance to 
dV. Let Dn:= ND D and define 

'■= {Wx}xeVN : V'x > Vx G Dn}- 

We think ol as a hard wall that forces the field to be positive. The 
probability of this event is given by our next result. Let H'^(V) denote 
the usual Sobolev space of twice differentiable functions on V, and Hq the 
subspace of functions in H^{V) which are at the boundary of V. 
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Theorem 1.3. Letd = ^. 

where Cl{D) = mf{i | A/ip : h G if^(V), h > 1 a.e. on D}. 

One would like to understand the behavior of the field conditioned on 
the event $7^. We can prove the following. For < e < 1 and x ^ Dj^, 
let VeN{x) denote the box of side-length eA^ with center x, and Tp^^(x) := 

Proposition 1.4. For any r? > 0, 

lim sup P7v(^e7v(a;)<(2v^-r/)logiV|f7+) = 0. 

VeNix)CDN 

This implies that the local sample mean of the field is pushed by the 
hard wall to a height of at least 2Y^27logA^. In the physics literature this 
phenomenon is referred to as entropic repulsion [12], since it is due to the 
fiuctuations of the field that it moves away from the wall. It is expected that 
the upper bound on the height of the conditioned field is the same, that is, 
that P/v(^eAr(a;) > (2\/27 + ?7)logA'"| ri^) = 0. Also, for the gradient model, 
the result holds for the height variables ipx in the place of Tp^^[x) [1]. The 
proof for the gradient model uses the FKG- inequalities. For the membrane 
model, the criterion for the FKG-property, Corollary 1.8 of [8] is satisfied 
only in the infinite volume case and without the positivity constraint. We 
therefore need to average over the heights in order to obtain the result. 

The paper is organized as follows. In the next section we investigate 
the variance structure of the four-dimensional membrane model and prove 
Proposition 1.1 and some related results. Here we exploit the fact that we 
can compare to the Green's function corresponding to (A^v)^, for which 
we have a random walk interpretation. The comparison of the two Green's 
functions is based on analytical tools on the regularity of the solutions of 
boundary value problems. Some of the more technical proofs are deferred 
to the Appendix. In Section 3 we give the proof of Theorem 1.2, using the 
same multiscale analysis as for the gradient model. We refer to [1] for de- 
tailed comments on the ideas behind this method. The proof of Theorem 
1.3 is given in Section 4, and that of Proposition 1.4 in Section 5. 

Throughout the paper, c, C, c' etc. will denote generic positive constants 
whose value may change from line to line. By Br we denote the ball of radius 
r and center 0. 
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2. Variance structure and the discrete Green's function. The aim of this 
section is to control Gn{x, x). To this purpose, we compare it to a biharmonic 
Green's function with different boundary conditions. Let 

El := {v.VnLI (92 Vat ^ M : v{x) = Vx G (92 Vat}. 

Recah from the Introduction that the covariance matrix of the model is given 
by the unique function Gn{x,-) in Ei which satisfies A^G7v(x,y) = 6{x,y). 

Let us introduce the usual harmonic Green's function. Let A be an arbi- 
trary subset of Tj'^, fix X G a, and let Ta{x, •) be the unique lattice function 
which satisfies 

ArA{x,y) = -6{x,y), y € A, 

TA{x,y) = 0, ye OA. 

(Existence and uniqueness follows from standard discrete harmonic analysis; 
see, e.g., Chapter I of [11].) Let T^ixjy) := rv^(x,y). Define now for x,y £ 
Vn, 

(3) GN{x,y):= ^ TN{x,z)TN{z,y), 

and extend Gj\[{x,-) to a function on Vn U d2V]y by requiring 
Gn{x, y) = 0, y£ Vn+1 \ Vn and 

(4) 

AGN{x,y) = 0, y£dVN. 

It is straightforward to check that, with these conditions, A^GAr(x,y) = 
6{x,y) for all x,y G Vn- In fact, Gn{x.,-) is the (again unique) function 
which satisfies 

A^GN{x,y) = 5{x,y), y^VN, 

GN{x,y) = 0, y£VN+i\VN, 

AGjv(x,y) = 0, yedVN. 

The main idea of this section is to compare GN{x,y) and GAr(x,y). In fact, 
we will later on show that if x G V^, 

sup \GN{x,y) - GN{x,y)\ < c 

for some c = c{5) < oo. This will be done by studying the boundary value 
problem satisfied by G7v(x,y) — GN{x,y) and showing that the solution of 
this boundary value problem is sufficiently regular (in a sense to be speci- 
fied). Since Gat is given in terms of T^v, well-known results from harmonic 
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analysis and random walks give us a very good control on the behavior of 
GN{x,y). Combining all this will then prove Proposition 1.1. 

Before embarking on the comparison of Gat and Gjy, we derive the nec- 
essary estimates on Gn. We collect the following well-known results on Fat, 
which we will use to describe Gn- For proofs we refer to [11], Chapter I. Let 
A be an arbitrary subset of Z'^, and write Ta for the Green's function of the 
Dirichlet problem on A. The following hold: 

• TAix, y) is the expected number of visits in y £ A of a simple random walk 
starting at x which is killed as it exits A, that is, 

(TA \ oo 

k=0 J k=0 

where ta = inf{/c > : G A"}. 

• If d > 3, limAr^oorVjv(^)y) ='■ r(x,y) exists for all x,y G Z*^, and as |x — 

y\ oo, 

1 

\x - y\ 



with ad = (^„2)tJd ' ^^^'^^ volume of the unit ball in M.'^. 

• ([11], Proposition 1.5.9) If d > 3, for all x / 

TbAO, x) = - ^) + 0{\x\'-'^). 

• If d > 3, then 

rA{x,y)=T{x,y)- ^ ^""{Xr^ = z)Tiz,y). 

z&dA 

• ^A{x,y) = TA{y,x). 

• TA{x,y)<TB{x,y) iiAcB. 

The fact that Gn is just the convolution of Fjv with itself leads to the 
following representation in terms of simple random walk: Letting x,y € Vn, 
let be two independent simple random walks on the lattice Z*^, 

whose joint law with start in x and y respectively we denote by F^'y. Let 
ttv denote the first exit time of V/v- Now we see from the random walk 
representation of F^v that 



and 



GN{x,y)= E rN{x,z)TN{z,y) = E^'y 



GN{x,y)= E rAr(x,z)FAr(z,y) 

zGVn 



.fc=Om=0 
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oo 

^ ^ P"(Xfc = z, A; < TN)r'{Y„^ = y,m< tn) 

fc,m=0 z^Vn 
oo 

J2 ^''iXk+m = y,k + m<TN) 

k,m=0 
oo 

k=0 



Hence, we have proven the following: 



Lemma 2.1. Ifx,y£VN, the following hold: 



Y,ik + l)F^{Xk = y,k<TN) 

k=0 



U=Om=0 

Estimates on Gn{x,x) are easily obtained: 

Lemma 2.2. Letd = 4:. If S € (0,1/2), i/iere exist constants ci = ci{6) > 
0, C2 > 0, stic/i i/iai, for x G V^^, 

g g 

-^logN + ci<Gn{x,x) < ^logiV + C2. 



Proof. Let By.{x) denote the ball of radius r about x S V/y. Since 

Tn{x,x) < T{x,x), we obtain 



+ o(i) 



X — z\' 



Gn{x,x)< ^ T{x,z)T{z,x) <a\ ^ 

Z6-B2JV 2:e-B2jv(a:) 

< 4alcJ4 / - dr + 0(1) = log(2iV) + c. 
Ji r 7r"= 

The lower bound follows by taking Bsn{x) in the place of B2n{x)'- 
Gn{x,x)> rB^j^(x,z)rB^j^(2;,a;) > 404^4 / -dr + 0{l) 



-^\og{5N)+c. 



□ 



We need to introduce discrete Sobolev norms. Let d-Vjy := {x £ Viy : dist(j;, 
V^) < 1}. We denote the first difference in the ith direction of a function 
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u : Z'^ ^ M by Viv{x) := v{x + e^) — v{x), and more general, for a multiindex 
a = (ai, . . . , Orf) e N*^, write Vvix) := V"^ • • • V;^'*?;(2;). 
For v.VNUdkVN ^M. define 

j=0aeN'*:2:eVjv 
|a|=i 

For v,w € El define 

'D{v,w):= E At;(x)A?i;(x) + E r{x)v{x)w{x), 

where r(x) : = |{y G V^y : dist(x, y) = 1}|. Obviously, 1 < r(x) < d for all x £ 
O-Vn. It is immediate that •) is symmetric, bilinear and positive definite. 
We write ||f ||d := , v). In Appendix A we prove some estimates for 

discrete Sobolev norms and the Dirichlet form 'D(-, •). 

To compare Gm and Gn, we use the fact that the difference of the two 
Green's functions, 

HN{x,y) :=GN{x,y) -GN{x,y), 

satisfies the following boundary value problem: 

A2F7v(x,y) = 0, yG^Tv, 

HNix,y) = GN{x,y), y£d2VN- 

Let / be any function Vn U 92 Vat — > ^ which satisfies f{y) = GN{x,y) for 
all y £ d2VN- Then u{y) := H]\f{x, •) — /(•) satisfies 

^^u{y)=g{y), yeVN, 

(5) 

n(y)=0, ye 02 Vat, 

where g{y) := — A^/(y). The idea is now to choose an / sufficiently regular 
in the interior of Va^ , and show that this yields a solution u of (5) which is 
in the discrete sense on V^, meaning that if V^,0<5< 1/2, we have 
supj^gyi \ u{y)\ < c and sup^^gy* \ 'Vu{y)\ < Then we can derive estimates 

on HM{x,y) for x,y£V^. 

Note that a function n is a solution of (5) if and only if for any function 
V : Vn U d2VN — > R it satisfies 

E A^n(x)'y(x) = E 9{x)v{x). 

(Take v = lx,x G Vn-) Summation by parts now shows that, since u £ Ei, 

E A^u(x)v(x) = D(u, u). 
xeVjv 
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Hence, T>{-,-) is the Dirichlet form corresponding to our boundary value 
problem and, therefore, an equivalent formulation of (5) is 

(6) V{u,v) = {g,v)L2(VN) yveEi, 

where {■,-)l2{Vn) denotes the L2 scalar product on V/v- The Riesz Theorem 
now gives us a "weak" solution of (6): Clearly, for fixed w £ Ei, the map 
V 1-^ T){v,w) is well defined and linear from Ei R, so that by Riesz there 
exists hw G Ei such that V{v,w) = {hw,v) ^^{y^-^, and the map A-.w^hw 
is well defined and linear. It is injective, and therefore bijective since Ei is 
finite dimensional. Thus, exists, and u := A~^{—A'^f) is a solution of 
(6) and therefore also a solution of (5). 

Lemma 2.3. The unique solution u of (5) satisfies 

\\u\\h2(Vm) <cA^'^lbllL2(VW)- 

Proof. We have just shown existence and uniqueness. For the norm 
estimate, note that by Corollary A. 6 we have ||w|||^2(v'^) < cN'^V{u,u) = 

cN'^{9,u)l^Vn) ^ cN'^\\g\\L2(VN)\W\\L2{VN)- But this implies \\u\\h2(Vn) < 
cN'^\\9\\l2{Vm)- n 

Let us now return to the case where g = — A^/, where we want / to satisfy 
the following: 

Lemma 2.4. Letd = A. LetO<6 < 1/2, andO< S' < 6/2, and let x £ V^. 
There exists a function f on Vn which satisfies the following conditions: 
There is a constant c = c{5, 5') > such that: 

(a) /(y) = Gn{x, y) for all y G Vjv \ 1^' , 

(b) |V"/(y)| < ^ for all y m and \a\ < 5, 

(c) |A2/(y)| < and |V^A2/(y)| < ^ for all y G Vn- 

Proof. It suffices to show that |V"GAr(y)| < ^ for all y with d'N < 
dist(y, V^) < {5/2)N and |a| < 5. Then we can choose / equal to any regular 
function on V^, equal to Gn on Vat \ Vn ■• interpolate in between, which 
is possible since the number of interpolation points is of order N^. 

If a = (ai, . . . , ad) G and / : M'^ ^ M, we write D'^f{y) := ^|i^^/(y). 

Note that the proof of Theorem 1.5.5 of [11] can be generalized to show that, 

if y / 0, 

V°r(0, y) = a,Z)-(|y|2-'^) + 0(|2/|-'^-l"l+^) 
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for some constant a^. Since ^N{x,y) = T{x,y) -J2zedVN^°(^rN =z)T{z,y), 
it follows immediately that for any y with dist(y, OVn) > 6'N and I2; — y| > 
{6/2)N we have 

\V''TN{x,y)\ < c(5,5')iV"'^"l"l+^ 
We first assume x = 0. Split 

V"G^(0,y)= r,v(0,z)V"r^(z,y) 

zeVN 

= 5] r^(o,z)v°r^(z,y)+ Yl r;v(o,^)v"r^(z,2/). 



li zeV^ and dist(y, V§) > 6'N, we have — y| > 6'N, and we can bound 
the first term by 



J2 TN{0,z)V''TN{z,y) 



< 



]\ld+\a\~2 \z\<^^'^ ~ Arrf+|Q|-4' 



The second term we split again: 

Y TN{Q,z)V^TN{z,y) 

= Y r;v(o,z)v-r(z,y) 

-EE ^'{Xr^=w)TN{0,z)V''T{w,y). 

z£Vn\V^ w^OVn 

Again we have for any w G BVn that |tt; — y| > 6'N and, therefore, as above, 



Y E ff^'(^r^=^)r7v(0,z)V"r(u;,y) 



For the remaining term we use summation by parts (for |a| < 2 this is 
not necessary, we could use similar estimates as before). Note that, since 
r{z, y) = r{y, z), we have 



T{z, y + Ci)- T{z, y) = T{z - ei,y) - T{z, y) 



and, thus. 



v"r(z,y) = v-"r(y,z) 
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(we always let the difference operator act on the second variable). Thus, if 
a = a' + ei, by summation by parts, 

^ r^(o,z)v"r(z,y) 

= J2 V'^Tjv(0,^)V"'r(z,y)+ J2 K^)riv(0,z)V"'r(z,y), 

zeVN\v^ z(^diVM\v^) 

where 1 < r{z) <d is the number of points in Vn \ which are neighbors 
of z. Note that 



zed{VM\v^) 

Similarly, we have for any a',/5 with \a'\ + = |a| — 1 that 
^ r(z)V^r^(0, z)V"'r(z, y) < c-^ 



'Af'^+|a|-4 

Hence, we can iterate summation by parts and obtain that 



z&diVM\V^) 



^ rAr(o,z)v"r(z,y) 



< 



<c 



< 



J2 v"r^(o,z)r(z,y) 



z&Vn\V^ 



+ 



1 



jYd+|a|-4 
1 



]Sld+\a\-2 
C 



]\J■d+\a\-4:^ 

This completes the proof, since similar arguments hold if x E is arbitrary. 
□ 



If we choose / as in Lemma 2.4, we know from Lemma 2.3 that the 
solution u of (5) is in H'^{Vj\^) in the discrete sense: 

Corollary 2.5. If sup^^yj^^ 1(^)1 < then \\u\\H2(Vr,) < N^''^- 

For our purpose, we need stronger regularity of the solution than what 
we obtain from Lemma 2.3. To obtain this, we use a discrete version of the 
well-known bootstrap-technique in PDE; compare, for example, [15]. The 
first step is the following lemma. 
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Lemma 2.6. Let 1/2 < (5 < 1, < e < 1/8, and let N be large enough, 
such that eN > 1. Let x-'^'^ satisfy |V"xl < ciV"'"' for any multiin- 
dex a, X = ^ on and xi^) = «/ dist(x,9VAr) < 2eN. Furthermore, let 
V : Vat ^ M 6e any function with v{x) = if dist(x, dV^) < £N. Then there 
exists V with ||u||H2(Viv) ~ such that 

N^V{NVi{xu),v) = -N^{g,NxV,v)L^^Vj,)+Io, 
where /q < c||u||^2(y^) ||z;||^2(vv). 

Proof. First, note the product rule for Vj : Vi{vw){x) = Viv{x)w{x) + 
v{x + ei)Viw{x). Furthermore, if v has support in the interior of Vn, then 
J2x£Vn ^i'^i^) = 0- Using this and the assumptions on v, we get 

N^V{NVi{xu),v) = N'^ J2 ^NVi{xu){x)Av{x) 
= N^ NViA{xu){x)Av{x) 
= A^^ ^ NVi{A{xu)Av){x) 

xGVn 

-iV^ iA{xu)){x + ei)NV^Av{x). 

Now the first term is due to the choice of the support of v, and the 
second — using the product rule on the discrete Laplacian — is equal to 

-N"^ Y Au{x + ei)x{x + ei)N\7iAv{x) 

x€Vn 

E E E Ha,P){V''x){x + ei){V'^u){x + ei)NV^Av{x) 

a;eT/jva:|o|<2 /3;|/3|<1 
|a| + |/3|=2 

for suitable k{a,f3) G M. In the second term we use summation by parts and 
the regularity of x to bound its absolute value by c||M||j|/2(y^) ||7;||j:^2(y^). If 
we define the translation operator by Ti{x) := x + a, we can again use the 
product rule to rewrite the first term as 

-N^ Y Au{x + ei)xix + ei)NViAv{x) 

xGVn 

= -N^ Y {Au){x + ei)A{{xoTi)NViv){x) 

x&Vm 

+ 5^ (A7x)(x + ei) Y E M«,/?)V"x(^)V%Vi7;(x). 

xeVjv o:|a|<2 /3:|/3|<1 

\a\ + \l3\=2 
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Here, by (6), the first term is equal to 

and tlie second is again bounded from above by c||ti||//2(y^) ||f ||j:/2(y^). □ 

Proposition 2.7. Let x o.s in Lemma 2.6, and let u he the solution of 
(5) where f satisfies the properties (a), (b) and (c) of Lemma 2.4- Then 
there exists c> such that 

\\xu\\m{v^)<cN^^^. 
Proof. Let v be the same as in Lemma 2.6. Note that 

\{g,NxViV)L2{Vj^)\ < \\9\\L2{VN)\Wx'^iV\\L2{Vj^) < 49\\L2(VM)\M\m{VN) 

<49\\l2{Vn)\HhHVn)- 
Thus, if we set v = NVi{xu) in Lemma 2.6 , we have, using Corollary A. 6, 

\\NVi{xu)\\l2^v^) < ciN'V{NVi{xu),NVi{xu)) 

< Ci\\NVi{xu)\\H^VM)i^'^\\9\\L2{VN) + \H\h^Vn)) 

and so 

\\NVi{xu)\\H2(^v^) < c{N%\\L,^y^) + \\u\\H2(^y^)) < cN^/^ 

by Corollary A. 6 and Lemma 2.3. The claim now follows from Remark A. 5. 
□ 

Corollary 2.8. Let d = A. If u is a solution of (5), where f satisfies 
the properties (a), (b) and (c) of Lemma 2.4, and x is defined as in Lemma 
2.6, then xu G H''{Vn) forO<k<i. 

Proof. Apply the arguments of Lemma 2.6 and Proposition 2.7 with 
NViU in the place of u, and NVig in the place of g, and use the result of 
Proposition 2.7. □ 

Now we can conclude: 



Corollary 2.9. Let d = 4, and < 5 < 1/2. There exists c{6) > such 
that, for all x G V^, 

sup \GN{x,y) - GN{x,y)\ <c{6) 

and, for all 1 < i < d, 

sup \Vi(GN(.x,y) - GN{x,y))\ < c{6)N-\ 
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Proof. By Corollary 2.8, xu £ -f^^(^Af) and, thus, by Corollary B.2, 
sup|xt*| < c and sup|VjX^^| < c/N. Since x = 1 and VjX = on V^, this 
implies sup^g^i |u(x)| < c and sup^g^^ | Vju(x)| < c/N. Since G]\[{x,y) — 

GN{x,y) = u{y) + f{y), the claim is proven by the assumptions we made 
on /. □ 



Corollary 2.9, together with Lemma 2.2, finally proves the logarithmic 
variance structure of the membrane model, which proves Proposition 1.1. 

Proof of Proposition 1.1. Note that \sin{^x) < varAr((/?o) for all 
X G Va^- Then both claims follow from the estimates on Gm in Lemma 2.2 
and Corollary 2.9. □ 



Additionally to Proposition 1.1, Lemma 2.11 below will be crucial for the 
approximation of the field with a hierarchical one (see [1]). We therefore in- 
troduce the discrete version of the fundamental solution for the Bilaplacian: 
Let, as before, {Xk)k&, be a simple random walk on the lattice, and let 
denote it's law conditional on starting in x. Let 

oo 

a(x, y) ■.= J2ik + l)(P^(Xfc = x)- F^iXk = y)). 

k=0 

Lemma 2.10 below shows that this is finite for any pair x,y G Z'^. Note 
first that a(0,0) = 0, and that a{x,y) = a{0,y — x). The local central limit 
theorem ([11], Theorem 1.2.1) allows us to compute a(x,y): 

Lemma 2.10. Let d = A. There exists a constant K, such that for all 
y^O, for all < a <2, 

(7) a{0,y) = ^log\y\+K + o{\y\-"). 

Proof. First, note that a(0, y) = E^o ^(lP°(^fc = 0) - P°(^fc = y)) + 
r(0, 0) - r(0, y). Remember that r(0, y) < 0(|y|"^), and r(0, 0) is a constant. 
Let p{k,x) := ;^exp(-^^) and 



k = x)-p{k,x), ifpO(Xfc = x)/0, 
0, otherwise. 



E{k,x) :■■ 

Let us first assume that y is even. Then 



J2 = 0) - F\Xk = y)) = Y. ^H^\X2k = 0) - F\X2k = y)) 

k=0 k=l 
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and 

oo 

^2A;(pO(X2fc = 0)-P°(X2fc = y)) 

k=l 

oo 

= J2 2fc(F(2fc, 0) - p{2k, y) + E{2k, 0) - E{2k, y)). 

k=l 

We first consider the remainder term. From the local CLT with error bounds 
([11], Theorem 1.2.1) we know 

\Eik,y)\ < Oik--') and \E{k,y)\ < \y\-^0{k-^) 

and, consequently, 

oo 

^2kE{2k,y)< ^ 2kE{2k,y) + ^ 2kE{2k,y) 

k=l k<\y\y2 k>\y\y2 

<|y|2 J2 E{2k,y)+ ^ 2A;0((2fe)-3) 

fc<|jy|2/2 k>\y\^/2 

<\y\^ E{2k,y) + 0{\yr^). 

k<\y\^/2 

But from Lemma 1.5.2 of [11] we know that J2k^o^{k,y) = o(|y|~") for any 
a < 4 as |?/| — > oo. 

Now consider the other term. By definition, 

oo ^ oo -. 

^ 2k{pi2k,0) -p{2k,y)) = -Y^-{l- exp(-|y|VA;)). 

Now use exactly the same steps as in the proof of Theorem 1.6.2 of [11] to 
show that there is a constant K such that 

4 °° 1 4 

- E 7:(1 -exp(-|y|VA:)) = -(log|y|2 + 0(|y|"2)). 

fc=l 

This proves the case where y is even with K = r(0, 0) + AK + Y.f=i 2kE{2k, 0). 
If y is odd, 



J2H^'iXk = 0)-^\Xk = y)) 



k=0 



: J2 2fe(P°(X2fc = 0) - P°(X2fe+i = y)) - r{0,y) 
k=i 

-, oo 

:- Yl E2MP°(^2fc=0)-P°(X2fc = t;))-r(0,y). 

v:\y~v\=l k=l 
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Of course, all these v are even, so we obtain, since 2d'^v:\y-v\=i^'^&\'^\ ~ 

log|y|2 + 0(|y|-2), 

"(0' = 4^ E log 1^1' + ^ + «(lyr°) = log + + 0(|y|-"), 

v:\y~v\=l 

where a < 2 and is the same as before. □ 

This result together with the random walk representation for Gn is the 
key to proving the following result: 

Lemma 2.11. Letting < n < N, let An <zI/ he a box of side-length 
N and An d Aj^ he a box of side-length n with the same center xs G Z*^ 
as An. Let < e < 1/2. There exists c > such that, for all x £ A^ with 
\x — xb\ < ^n, 

Proof. Note that for any two subsets E C F oi Z'^ we have 

(8) var{ipx\J^Fc) =var{ipx\J^E'^) -\- var{E{Lpx\J='Ec)\J^F'^) > var(v3^|J^£;c). 

Let Bn ■= Bn{xB) = {2; S Z'' : \xb — z\ < n} be the ball of radius n around xb- 
We define Gb„ analogous to Gat as the Green's function of the biharmonic 
problem (1) on Bn instead of Vjy- Likewise, Gb„ is defined by (3) and (4) 
on Bn, and Hb„ := Gb„ — . It is clear that the regularity considerations 
of this section apply to Gb„ and Gb„ as well and, thus. Corollary 2.9 can 
be applied. Note Bn C An, and so 

Var{E{Lp^ - (PxB\^a2An)\^d2AN) 

= var((^^ - (fr^g \J='a-^) - vaiifx - ^p^^ ) 

(9) < lim (var((^^. - ^p^^ | J^^c ) - var(v9^. - ^p^^ \J'b-J) 

Ts — s-oo '■^ 

= lim {Gn{x,x) -2Gn{x,xb) + Gn{xb,xb) 

-Gb„{x,x) + 2Gb„(x,xb) - Gb„{xb,xb))- 

(Of course we do not know if the limit exists, but otherwise the rhs is 
equal to +00.) Now, Gn = Gn + Hj\f. From Corollary 2.9 we know that 
\HN{y, z) — HN{y, z-\-ei)\ < cN"^, and since \x — xb\ < £n, we need at most 
Asn steps to get from xb to x. Thus, \H]\f{y,x) — H]\f{y,XB)\ < en ■ cN^^ if 
y € {x,xb}, and so 

lim {Hn{x,x) -2Hn{x,xb) -\- Hn{xb,xb) 

-HB„ix,x) + 2Hb„{x,xb) - HbSxb,xb)) 
< lim en ■ cN^^ + en ■ cn^^ < ce. 

Af— ►CX3 
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We are therefore left with estimating the terms in (9) involving Gm and 
We have 

Gn{x, x) - 2Gn{x, xb) + Gn{xb,xb) 

-Gb„{x,x) + 2Gb„(x,xb) - Gb„{xb,xb) 

CO 

= ^(A; + l)[P"(Xfc =X,TB„<k< TB^) - P"(Xfc = XB,TB„ <k<TB^) 
k=0 

+ F''HXk=XB,TB„<k<TB^) 

Hence, using the above monotonicity (8), we are done if we show 



(10) 
Define 



Y,{k + l)[P"(Xfc = x,k> tbJ - F^Xk = XB,k> TB,:, 

k=0 



+ P"^ {Xk=XB,k> tbJ - P"^ {Xk = x,k> tbJ] < ce. 



Ti:= J2 {F''{X^s^=z)-r^^{Xr,^=z)){a{z,XB)-a{z,x)) 



and 



^2-.= E Y.^(^"^''Br.=m,X,^^=z)-W-^{TB„=m,Xr^^=z)) 

z£dBn m=0 

x{T{z,x)-T{z,xb)). 

Due to Lemma 2.10, for x,xb as above, sup ^^QBja{z,XB) — a{z,x)\ < ce, 
which implies |Ti| < ce. For T2, observe that, by construction, \z — xb\ > n 
and \z — x\ > {1 — e)n, which implies sup^gg^^r(z, x) < ^^^gj^^ii and likewise 
for T{z,xb)- On the other hand, 

00 

E m(P- (rB„ = m, X^,^ = z) - P^^ (tb„ = m, X^,^ = z) ) 

zddBn m=0 

= W{tb^)-W-[tb,^. 

From [11], Equation 1.21, we know that 

n^-\y- xb\^ < E^(rBj < {n + if -\y- xb\^ 

for all y G B„. Therefore, \W{tb„) - Wb{tb„)\ < e^n^ + 2n + 1, and if n is 
large enough, |r2| <ce. Thus, we have shown 

(11) |Ti + r2|<ce 
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for some finite c. We have by definition of r(-, •) and a(-, •), 

oo oo 

Ti + T2 = Y.J2 E {k + m + l)i¥^Xk = x)-¥'iXk = XB)) 

k=Om=0 zedBn 

(12) 

x{F-iTB,,=m,Xr,^=z)-F^^{TB„=m,Xr,^=z)). 
By the Markov property, 

¥'-'{Xk = X,k>TBj 

CXD 

= Y. H ^'{Xk-m = x)F^{tb„ = m, Xr,^ = Z) 
m=OzedB„ 

and similarly for P^(Xfc =XB,k>TB„) etc. Equations (12) and (13) imply 

oo 

^(A; + iWiXk = x,k> tbJ -F^'iXk = XB,k> tbJ 

k=0 

+ P"'^(Xfc = XB,k> TbJ - P"^(Xfc = X,k> TbJ] < Ti + Ts < C£, 

the last inequality by (11). This completes the proof of (10). □ 

3. Maximum of the field. In this section we prove Theorem 1.2, using 
the strategy of [1] and [5], whose crucial ingredients are the logarithmic 
structure of the variances (Proposition 1.1) and the concentration result 
(Lemma 2.11). Let a £ (1/2,1). We cover with boxes of side-length N"^ 
as in [1]: Let xo G V/v, and let 

Mo, := {2:0 + i(iV° + 2) : i = (ii, . . . , i4) G N"^ such that xq + i(iV° + 2) C Vat}- 

We consider the set of boxes B with midpoint in Mq and side-length A^". 
We will always assume that iV" is an odd integer, which is no restriction as 
N ^ 00. By construction, the boundaries between two boxes have thickness 
2 (on the lattice), which is the range of interactions of A^. Let 11^ denote 
the set of such boxes which are contained in V^, and let := UseHa 
be the set of all boundaries of boxes in IIq. We denote by the sigma- 
algebra generated by the ipx ■ x £ Aa. Conditional on J^a, what happens 
inside different boxes is independent. 

Now fix E N. Set Oi := a(l - ^), l<i<K + l.We define the following 
sets of boxes: First, let Tq,^ := IIq,^ . Then Tq,- , i > 2, is defined recursively: For 
B G r„^_,, let TB,a, ■■= {B' £ Ua^ -.B' C B/2}, and F^^ := User,,., ^B,a,. 
For B £ FEq,, we denote the midpoint of i? by x^. Let 

ifB := E]y{ipxg\J^Q^B) = EN{ipxg\J^a)- 
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li B £ IIq,, and B' G ^aj, with Qj < aj such that xb = xb', by (8) and 
Proposition 1.1, we see that 

Mav{ipB\J^aj) = var((/5^.g I - var(v3^.g =7("i - log + 0(1). 

(14) 

Note that, by (2), there exist coefficients h{z) € M such that 

Unhke in the case of the lattice free field, however, the h{z) need not lie 
between and 1 (in fact, one can see that there are both positive and 
negative coefficients, and they need not be bounded in A'^). Some arguments 
in the proof need to be adapted to this fact, in particular, comparing ipB 
and (fixB requires some work, for which we use Gaussian tail estimates. For 
the sake of readability, we give a complete proof, including also those parts 
that are practically identical to [1] or [5]. Note that one direction is easy to 
prove: 

Proof of Theorem 1.2(a). Using Proposition 1.1, we obtain 
P^vf sup (/Px>2x/2^1ogAf ) 

\x&Vn / 

< \Vn\ sup Pn{^x > 2^2^ log iV) 

^ ^4 V^iogN + c /_ JV27logA0^\ 
~ v^2V27logiV V 27logiV + 0(1)7' 

which tends to zero as ^ oo. □ 

The second part is obtained from the following more general result (com- 
pare [5]): 

Theorem 3.1. Let <5 < 1/2, and let 0< Xq <1 and Aq < A < 1. For 
all e > 0, there exists c = c{6, Aq) > such that 

PNi\{x £ V^:^, > 2y2^AlogiV}| < N^i^^^'^"') < exp(-c(logiV)2). 

Proof of Theorem 1.2(b). Chose in Theorem 3.1 A sufficiently close 
to 1, such that l^/lFiX > (2-y/27 - rj) and 4A^ > 4 - e are both satisfied. □ 

To prove Theorem 3.1, we start on level a = ai of the box structure 
introduced before, and show that, on this level, a sufficiently high number 
of the (pB,B GTa, are positive. 
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Lemma 3.2. Let 1/2 < 5 < 1 and a G (1/2, 1). There exist positive con- 
stants K, a depending on a and 6, such that 

Pn{\{B er^:ipB> 0}| < N^) < exp(-o(logiV)2). 
Proof. Set a' = (1 + a)/2, which impHes a' > a. We consider the event 

The lemma wiU be proven showing that the following two estimates hold: 

(15) Pn{A n U{B G : > 0} < N^}) < exp(-c(logiV)2) 
for some c > 0, and 

(16) Pjv(^')<exp(-c(logiV)2). 

Obviously, these two estimates prove the lemma. We start with the second 
estimate. Let us split the event into 

Pn{A^) < Pn (a" n ( max (pB < (logiV)^ 

(17) 

+ Pn( max ipB> (logNf) 
and bound the two terms. First, notice that for any < p < 1 we have 



Pn{ maxy?^ > (1 - p)(logiV)' 
\xeVjv 

< N^maxPNiif^, > (1 - p){logNf) 

^\ 2-flogN + C J 
<exp{-c(logNf). 

Now we get 

Pjv( ( max ipB > (logiV)H n (maxc^^ < {l-p){logNf 

<Pn(\ max ^B > (logiV)^) n ( max ip^^ < (1 - p){logN)H 

(19) 

< |n„,| max Pn{Wb > {logNf} n {99,,^ < (1 - p)(logiV)2}) 

< ciV4i^^(P;v(v^.So < (1 - P)(log^^)'l-^9i?o)l{^so>(log7V)2}) 
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for some fixed Bq G IIq/. Since by Proposition 1.1, conditional on J^Bq, the 
random variable ^xb^ ~ VBo is centered Gaussian with var((^^g^ — V?_Bo) — 
7a' log A^, we have on {^Bo > (logA^)^} 

Pjv(9^.5„<(l-p)(logiV)VsBo) 

(20) < Pn{^xb, - ^Bo < -p(logNf\J^9Bo) 
<exp(-c(logiV)3). 

Together, (18), (19) and (20) give the required bound on the second term in 
(17). To bound the first term, note that on A'^ n {max^Gn^/ ^B < (logA^)^} 
we have 

(21) , 

^ -(l-aOV2^1ogjV ^ / (l^aV27logiV ^ ^^^^ ^^,\ 

~ 2 |nQ,'| V 2 / 

Since |n„/| = 0(iV<^-°')), we get from (21) 

(22) E ,,< -'^-°-'.f^'°^^ . 

By Lemma C.l, we know that var{j^^J2B&n , Vb) < 00, therefore, we ob- 
tain with (22) 



Ptv ( n I max I tpB < (logiV)H 



.p / 1 V- -(l-aOV2^1ogjV ' 

^ , -(l-a')'7(logiV)' 
< exp' 



9var(l/|n„/|X;i36n^, Vb) 
<exp(-c(logAf)2). 

This gives the second bound in (17) and thus proves (16). For the proof of 
(15), we consider only the set of boxes in IIq, which have the same center as 
some box of Ha' ■ Let 

^a,a' '■= {B S IIq : 3B' £ Ha' with xb = xb'}- 

We have 

PN{An{\{Bera:ipB>o}\<N''}) 
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(23) <PN{An {\{B G n,,,, : > 0}\ < N^}) 

< EN{PNi\{B £ U^,a':^B > 0}| < iV^l^aOU). 

We know that on A there exist at least A^^~"' boxes B' E where there 
is (fB' > -(l-a')V27logiV/2. Choose A^^^"' of them and call them B[, . . . , 
B'^^_^, . Let Bi £ Ila,a' be the box with center x^. = xb'- Set 

Ci ■= fB, - fB[- 

Then for k < 1 — a', 

Pn{\{B G n«,„, : (^B > 0}| < iV^l^a') 

(24) 

^ ( II l{C,>(l-a')V27(logA^)/2} ^ j " 

By construction, we have ipB'^ = EN{fxg,\J^a') = EN{EN{(PxB,\^a)\^a') = 

i 

P^Niv^B^l^'a)- Therefore, we know the following: 

• The Ci are centered Gaussian random variables under PN{-\J^a')- 

• By (14), var(Ci) = vavB'^ifBi) = 7(1 - a')logN + 0(1), since a' - a = 
1-a'. 



This implies 
(25) Pn (q > V^logN]> exp 



'l-a')\ogN 



If we choose now k = (1 — a')/2 and set 9i = ^{(■>(i^a')y^{iogN)/2}^ '^^ 

know that on A we have EiTi'" Gi < iV^^^"')/^, and from (25) we get EOi > 
^-(i-a')/4^ This implies 



(26) 



i=l 



> |iv(l-"')/2 _ ^1-^*' . ^(l-a')/4| > 



iV3(l-"')/4 



from which we conclude, using Lemma 11 of [1], 



jY3(l-a')/4\ 



> 



< exp 



Ar3{i-"')/2 



4(2Ari-«' +^3(i-a')/4)/3 
<exp(-cAf(^-"')/2). 



24 



N. KURT 



By (23) and (24), this is more than we need to prove (15). □ 

Proof of Theorem 3.1. Fix a G (1/2,1). From the previous lemma 
we know that we can find some k = K{a) > 0, such that we can assume that 
at least N'^ of the ipB,B £ IIq, are positive. We use the notation of the 
previous section, and define, for 1 < k < K + 1 and e > 0, the event 



Ak ■. = Ak{e,a,K) 

U U <\^Pb' - ENiVB\J^c 



>eAa2v/27;^( l-;^)logA^ 



By Lemma 2.11, var((/7^/ — E{ip B\J^a^)\J^ak+i) ^ c, and we can bound 



P{Ak) < \TaJ\TB',ak+-,\(^W 

(27) 

<exp(-c(logiV)2). 



2c 



We will later choose K >eX, such that c is independent of e and A. 

On pl^^^, we can apply the tree-argument of [1]. For k<K, we denote 
by a sequence of k boxes Bi D B2 D ■ ■ ■ D B^, where Bi G Fq. ,1 <i < k. 
Set 

Dk ■■= {B^^^ ■■ m > (a - ai)2\^{l - l/K) \ogN,l<i< k}. 

We show that if on the /cth scale there are many such sequences, so there 
will be on the {k + l)st scale. Let nt := iV«^+4"(fc-i)(i/^)(i-A2)^ ^^ere k is 
the same constant as in Lemma 3.2, and define 

Ck ■■= {\Dk\ > nk}. 

Assume that we are on Ck- Choose sequences 5^'^^ = {Bj^i,Bj^2, ■ ■ ■ , Bj^k}, 
^ ^ j ^ nk in Dk- Note that Bj k 7^ i?i,fc if ^ 7^ J, since otherwise the sequences 
would coincide. Set 

^J-=TF~ I Yl ^{v>B~'PB^^^>>^a2^{l/K)il-l/K)logN} 

Note that |Fb^,^,„^^J = (iV"/^/2)'^ and, therefore, 

Ck n C'k+i c Ck n |X] < nk+i ■ ^^i^j- 
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If we set 



^j--TF~ r '^WB~E{vB\:Fc,^)>{l+e)\a2y^{l/K)il~-l/K)\ogN}: 

we have > Cj on A'j^ and, therefore, 

/«fe 16 \ 

n n < (^E < n.+i • j . 

To bound this probabihty, we need some large deviation estimates on the 
binomial variables J2^tiCj- Note that, due to (14), the ipB — EN{^B\^ak) 
are centered Gaussian variables with variance 

a 

'k 

Therefore, 



\w{ipB\Ta,^) > —-flogN + C. 



> inf Pn^^Pb - En{^b\:Fc,,) > (1 + e)\a2^^ ~ 11 
il + efX'^a^8^{l/K^){l-l/Kf{logN) 



2a{l/K)-flogN 

^ j^-^a/K)\^{l-l/Kfil+s)\ 

Thus, on Cfc n 

{n-k 



-rikN- 



-4(a/i<')A2(l-l//f)2(l+£)2 



C 



7V« 



> l^K-4(a/K)A2(l-l/i^)2(l+e)2 

- 2 



if, for the last line, e is chosen such that (1 — 1/K){1 + e) < 1, making the 
second term dominate (recall A < 1). Then Lemma 11 of [1] yields on CkCiAf, 

/ ^2K-8XHa/K){l-l/Kf{l+ef x 

Pn {Cl+i\J^ak ) < 2 exp 2Ar^ + (2/3)Ar«-4A2(a/i^)(i-i//f)2(i+£)2 j 

(28) 

<exp(-iV''"^^'("/^)(^^^/^)'(^+=)') 
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Choose K large enough, such that k — ^ > 0. Note that ni = N'^. This 
imphes, using Lemma 3.2 and (28), 

K 

PNic^K) < PNiCD + Y.{Pn{ci n Ck-i n ^Li) + ^'^(^fc-i)) 

k=2 
K 

= Pn{CI) + Y.{EM{PN{Cl\ra,)lc,^,nAl_,)+PN{Au^l)) 
k=2 

(29) <exp(-ci(logiV)2) + (/^)exp(-iV'=-8^'W^)(i-V^)'(i+^)') 

+ exp(-C2(logAf)2) 
<exp(-c(logA^)^). 
Let now TLN{a) := {x G : (fix > 2-^/270 log A''}. We consider the event 
Lk = Lxia, A) := {|WAr(A(a - aK-i))\ < ni^-i}. 

Note that 

Pn{Lk) <PN{\{BeUaj,: > 2V27A(a -uk^i) logN}\ < hk^i). 
This implies 

P{Lk n Ci^) < ENiPi\{B G : (/p,^ > 2v^A(a - ok^i) logN}\ 

< nA'_l|J^aj^)lcK)- 

On Ck n Lk we have at least nx boxes B S H^j^ with ifs > 2y/TyX{a — 
aii-)logA^, and only for at most nx-i of them we have ipxg > 2y^27A(a — 
ai^) log A^. Thus, for at least nx — boxes, tpxg — (fB < fJ'K^ogN, with 

UK '■= "^V^^ioiK — ok-i)- Now we use the fact that, conditional on TaKi 
the ^pxg — (fB are independent centered Gaussian with variance equal to 
'jaxlogN, and that or - or-i = -f < 0, and nx-i = nxN-'^^'^/^'^^^-^''^ 
to obtain 



Pn{\{B G U^^:^xb > 2V27A(a - ax-i)logiV}| < nK-i\Ta,,) 

< PnHIB G Uaj^-.^PxB -^B< flKlogN}\ >nK- nK-l\J^aK) 

^ (l-Ar-(4"/A')(i-A2))„^ 

(30) <PN[H^XB-^B<-j^2^\{l-l/K)\ogN\T^^ 



< exp 



(^_4A2-|(1 - l/A-)2(logiV)(l - iV-(4°/^)(i-^'))nK) 



<exp(-c(logAf)^). 
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To complete the proof, we get from (29) and (30), using a — ax-i 



Pn 



(31) 



7iN\ Aa 1 



K 



< riK-i < Pn{Lk n Ck) + PNiCk) 



<exp(-c(logiV)2). 
We can now choose K large enough and a close to 1, such that with (31) 
Pn{\{x G V^:^^ > 2y2^AlogiV}| < AT^a-A^)--) 

2 

K 

<exp(-c(logiV)2). □ 



<P, 



N 



Hm Aa 1 



< riK- 



4. Probability to stay positive. Having obtained the same result for the 
maximum of the interface as in the case of the 2-dimensional lattice free 
field, we can again use the strategy of [1]. 

Proof of Theorem 1.3, the lower bound. First, note that by a 
density argument, Cy{D) = inf{i Jy \Ah\'^ dx : h € CQ°{V),h > 1 a.e. on D}, 
where Cq°{V) denotes the infinitely often differentiable functions on V which 
vanish at dV. Choose a function / S Cq°{V), / > 0, / = 1 on D, and a number 
a > Set '■= + CL^og N f (j^) . Then {ipx}xeVN is a Gaussian family 

with covariances GN{x,y),x,y £ Vn, and expectation alogA^/(-^). Denote 
the law of this family by P^, and let /Ar(x) := f{x/N). The relative entropy 

J pa 

of P^ with respect to Pn is defined as Hn{Pn\Pn) := E%{\og^). Note 
that 

where (•,-)vAr denotes the L2-scalar product on Vn and, therefore, 



2((¥''^AfV)y]v - (9'-«logiV/Ar,G^^(v7-alogiV/Ar))yjv' 



from which we conclude 

1 



2 



(logiV)2(A^/,v,A;v/jv)F^, 



lim 



:RN{P''N\PN) = -\\MfLH 



jv^:r;o(iogiv)2^^"^^^^'^"^- 2 ""■'"^^(^)- 



Moreover, 



^'^((^^^)')< E Pn[^x<^) = E PN[^x<-a\ogN) 



< A^*exp 



27 log 



:o(l) 
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as iV — > CO. Using the entropy inequality (see, e.g., [7], Appendix B.3), we 
have 

log P^(^n) > Hr,{P^\PN) + e-' 

and, hence, 

for any choice of a and / as above. Optimizing over a and / gives the lower 
bound. □ 

Proof of the upper bound. Fix /3 > 0. For K £N,a£ (1/2, 1) define 

EK,p,a ■■= mB eU^:BcDN,VB<i2V^- f3)\ogN}<K}, 

the event that we have few boxes B € IIq, with ipB ^ (2\/27 — /3) log A^. We 
will now show that the probability that occurs on Ej^ « is small. If 
r/>0,eG (0,l/2),ae (0,1), let 

U U {\^B-EN{^.\^a)\>V^ogN}, 
Bella xeBi^) 

where -B*-^-* is the set of points x & B, which are contained inside a box of 
side- length eN'^ and center xb- We split 

PN{E'k,p,a nn+^)< ENiPNmK,^,^. n nl^Wa.)lA^) + Pn{A). 

But, by Lemma 2.11, we find 

P.(A)<iV^exp(-2!flf^) <exp(-M!5ii^ 

/ 2 

We can choose e arbitrarily small; our choice will be such that — 
87C^(L') + 1. Fix5Gn„, and set B^*^) := {x G B : dist(x, 5S) > eA"}. The 
idea is to apply Theorem 1.2 to the field {(fx — EN{^x\^a))xeB conditional 
on Ta- We get 

Pn{ sup {^x-EN{ipx\ra))<{2^/2^-[3)\ogN\ra 



sup {^x-E{^x\ra))< {2^/2^- 13 /2)\ogN''\T, 
<exp(-c(logA)2), 
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where c = c{e,j3) if a G (ao(/3), 1) for some ao(/9) > 0. Therefore, on A'^ n 
{lp:lPb< (2^27 -,9) log A^} we have, if ?? < /3/2, 

P/vfinf (^x>0^„') 

<P,vf inf {^^-EN{^,\T^))>-{2^-(5/2)\ogN\T^ 

<exp(-c(logA^)^) 
if a > oo(/3). This imphes 

Ar4— 4q \ 



+ exp(-(87C^p) + l)aogiV)2) 
< exp((4 - Aa)K\ogN - cK{\ogNf) 

+ exp(-(874p) + l)aogiV)2) 
<exp(-(87C^p) + l)aogiV)2) 

if we choose K large enoug h such that cK/2 > 8jClr{D) + 1. 

This means we now only need to consider Ex^p^a H In this case, for 

any function f >0, f £ C'^{D), we have 

I Bena,BcDjv 

> (2^-/3) log iv(-^ E /(WiV)-^¥r)- 

Therefore, 

((2^ - /?) iogiV(i/|n,| - civ-^(^-")))^ 



< 



exp 



2varNil/\na\EBfi^B/N)ipB) 
Applying Lemmas C.l and C.2 completes the proof. □ 

5. Entropic repulsion. Here we need to use a different approach than in 
the lattice free field case, since the FKG property does not hold. 

Proof of Proposition 1.4. Let P^{-) := Pn{-\^n)- We use the nota- 
tion of Section 3, in particular, the box-structure, and first assume x = 0. Set 
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Tp^jq :='ip^jy{x). We claim that, on the set {^^tv ^ (2\/27 ~ r])logN} n 17^, 
there exists 5 > such that 



tt{x G Kiv : < (2 - r//2) log N} > 5\Vsn\. 

If this was not the case, we would have 

(1 - 6){2^ - r?/2) log N<Tp,^< {2^ - r?) logiV, 

which is impossible if 6 is small enough such that (1 — 5){2y/2^ — rj/2) > 
(2-^/27 — rj). Therefore, if a G (0, 1), there exists a shift of the A^'^-sublattice 
n„ such that, for this particular shift, 

P+(H{x G VeN ■■ < (2v^ - ?7/2) log A^} > 6\VeN\) 



( iT^ ^ l{</..<(2v^-r,/2)log7V} > ^ 



(This is true since j^J^xev^N '^{ip^<i2V2^-ri/2)iogN} is the average over all 
possible such shifts of the A^"— lattice.) Let Sa '■= {B G Ila,XB G Vgiy} for 
this particular IIq,. Choose < 6' < 6. Then 

^iv(|7rT H l{</3.B<(2v^-,?/2)logiV} > j 
(32) <-Piv(|7rT l{</^s<(2v^-V4)logJV} > ^ j 



N 



We have |5«| > ceiV^^^""). Thus, 



< P+ (ti{i? G n„ : < (2^/2^ - 77/4) log N} > cS'eN^^^-'^^ ) . 
But in the proof of the upper bound of Theorem 1.3 we have seen that 

Pn{EI^P,c. n ^l) < exp(-(87C^(I?) + l){\ogNf ), 
hence, for large enough N, 

P+(K5 G : < (2v/2^ - r//4) logiV} > c^'eiV^^"")) 
<exp(-c(logA^)2). 



4D MEMBRANE 31 

Thus, what is left is the second term in (32). Note 

Pn{vb-Vxb > (??/4)logiV|.F„) <exp(-cr?2logiV). 

Let 6b '■= ^{ipB-fx >{v/4:)iogN}- in the proof of Theorem 1.2, we have, 
using Lemma 11 of [1], for large A^, 



Pn(y. 1 



N 



N 



WB-'Pxr,> 



{Ob — EGb] 

BeSc 

E iOB-EOB] 
BeSc 



(??/4)logAr} > - S')\Sa 



>ce7V^(^-°)((5-5')-iV"'^'''') 



> ce{6 - 5')iV^^^""^ 



<2exp(-ce((^-y)iV^(i-°)). 
Together with Theorem 1.3, this proves 



lim PN{-^eN < (2V27 - V) log I ^Jj) = 
if x = 0. For arbitrary x repeat the argument with a shifted grid. □ 



APPENDIX A: NORM ESTIMATES 

In this section we prove some basic estimates on the discrete Sobolev 
norms which are used in the proof of the regularity for the solution of the 
Dirichlet problem. Recall 

Ei = {v:VnLI ^2 Vat ^ K : v{x) = Vx E Viv} 

and for v,w £ Ei from Section 2, 

V^Vjw) := E Av{x)Aw{x) + ^ r{x)v{x)w{x). 

Note that the notation T>{v,w) and Ei depend on A^. We identify v £ Ei 
with the function we obtain if we extend v to all of Z*^ by setting it equal to 
on the whole of V^. 

Lemma A.l. Let v £ Ei. There exists a constant c depending on the 
dimension such that 

E EE(V.V,^(x))2<cP(^;,z;). 

xeViv+i i=lj=l 
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Proof. Expanding the square gives 

x&Vm 

d 

= ^ (4i'(x)^ — 2v{x)v{x + ej) — 2v{x)v{x — Cj) 

(33) — 2v{x)v{x + ej) — 2v{x)v{x — ej) 

+ v{x + ei)v{x + ej) + v{x + ei)v{x - ej) 

+ v{x — ei)v{x + Cj) + v{x — ei)v{x — ej)). 

Now, taking the geometry of Va^ and the 0-boundary conditions outside Vn 
into consideration, we can shift the summation, and obtain for any with 
|ei| = 1, 



= E ^^(2; + Ci + Cj)^ + E v{x + ei + ej)'^ . 

x+ei+ejSVjv 

Similarly, we have 
E v{x)v{x — ej) 

x&Vn 

= E v{x + ei)v{x) 

= E ^^(2; + Ci + ej)v(j; + Cj) + E v{x + ei + ej)v{x + ej) 

x&Vn+i x^Vn+1- 

x+Si+SjeVN 

x+SjGVff 

and 

E v{x - ei)v{x + ej) = E v{x + ei + ej)v{x) = E ^'(x + + 6^)^(2;). 
xeVjv xeViv xevv+i 

Furthermore, if i 7^ j, 

E f (x — ej)f (x — Cj) = E v{x + ei)v{x + ej) = E + ei)u(x + Cj) 
xeVjv xgVn xgV]v+i 

and 



E'y(2;-ei)^= E v{x + ei)'^- E 

xSViv x6Viv+i xGVm- 

x+ei^VN 



X)' 
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and, finally, 

v{x + eif= v{x + eif- ^ v{xf. 

We define the following quantities: 

d 

Ti := ^ J2 vix + e^ + ejf>0, 

^2:=E E ^(^)' T3:=E E ^(^)'- 

X+Ci^Vr^ X-Ci^Vls! 

Note T2 + T3 < J2xed^VN ^{x)v{x)'^. By the above considerations, the right- 
hand side of (33) can be rewritten and bounded as follows: 

{2df E (^^(^))' 

xeVN 

d 

= E E + + 

— 2v{x)v{x + ej) — 2t;(rE + Cj + ej)v{x + Cj) — 2u(a;)?;(x + Cj) 

— 2t;(2; + ej)v{x) + u(x + ei)v{x + ej) + 2v(rE + Cj + ej)v(j;) 

+ f (x + 64 + ej)v{x + Cj)) 

+ri - Ts - Ts 

> E E (v.v,.(x))^- E 

j,j=lxeViv+i xgS^Vm 

Thus, 

E E (V.V,t;(x))2 < {2df E (^^(^))' + E r{x)vix)' 

< i2dfV{v,v), 

which proves the lemma. □ 

Lemma A. 2. Let v £ Ei. There exists c > such that 

E ^(^)'<ciV'(E E(V^^(^))'+ E r{x)v{xA. 
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Proof. Let x eVN and denote := {y e Vn ■ 3/c G Z such that y = 
X + k ■ Ci}. Then 

v{x)'^ = {v{x) - v{x + ei) + v{x + ei) - v{x + 2ei) H h v{x + A^oCj))^, 

where /cq G N such that x + /coej G d^V^- Obviously < 2N, thus, using the 
fact that (a + 6)^ < 2a^ + 26^ for real numbers a, b, we get 

< 2N{{v{x) - v{x + ei)f + ■■■ 

+(t;(x + (/co - l)ei) - + /coCi)) +v{x + koei) ). 

In the same way, we obtain 

v{xf < 2N{{v{x) - v{x - ei)f H h v(x + kiCif) 

for some ki < 2N, with x — kiei G S-V/v- This gives 



r{x)v{x) . 

Since this inequality holds for any l<i<d, the lemma is proven. □ 
Lemma A. 3. Let v (z Ei. There exists c > such that, for all 1 <i <d, 

Y + ei) - v{x)f <cN^iY. (V.V,t;(x))2 + r{x)v{xf\ . 

xSViv VxeVjv x&B-Vn / 

Proof. Let h{x) := ^iv{x) and repeat the arguments of the proof of 
Lemma A. 2. □ 

From Lemmas A. 2 and A. 3 the following is clear: 

Corollary A. 4. Let v e Ei. There exists c> such that 

||HlH^(y,)<cA^'f E E (V.V,^(x))2 + E rix)v{xA. 

\x&Vpfi,j=l x&S-Vm / 

Remark A. 5. Iterating this procedure, one evidently obtains for any 
V : Vat U dkVjy M such that, v{x) = for x G dkVj\[, that 



l7,l|2 



<cN''(Y E (VM^))'+ E rixHxA. 

VxeViv a:|a|=fc xed-Vpf J 
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Corollary A. 6. Let v £ Ei. There is OO such that 

\\v\\l2^y^)<cN^V{v,v). 

Proof. From Lemma A.l and Corollary A. 4 we obtain 

\\vfH2^V^) < < c'{N + l)'V{v,v) < cN'V{v,v). □ 

Remark A. 7. This also proves that T>{-,-) is positive definite. 



APPENDIX B: DISCRETE SOBOLEV IMBEDDING 

The following results are the discrete analogues of the Sobolev Imbedding 
Theorems. For completeness, we include the proofs of the versions we use. 

Proposition B.l. Let f-.Z'^^R such that f[x) = on V§, and 
ll/lli?'=(Vjv) — cN^^"^ for some constant c independent of N. If k > d/2, then 
there exists C > independent of N such that sup^gy^|/(x)| < C. 

Proof. Let f{t) = J^x^Z'^ /(x)e*^*'^^ denote the Fourier transform of a 
function / : Z'^ ^ R. Then we have 

= /(t)(e-'*'=-l). 

Iterating, we obtain 

(34) ^^k^kjit) = /(t)(e-**'=i -!)••• (e-^'^i - 1). 

By (34), using the Taylor expansion, we have, for any j G N, 

im' ■ Itl'^ <€■■■ \m\e-^''^ - 1) • • • ie-'''' - 1)1' < iVfcT^fcJWl'- 
This yields 

im\dt 



1/2 
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{i+N'\tn\fitrdt]'^' 

' [— 7r,7r]' 



x( [ {1 + N'\t\^y\fit)\''dt 

\J[-n,n]'i 

/I \ 1/2 



<cN-'\\f\\H^iV^)<cN''/'-\ 

using the Plancherel Theorem. Thus, we get, by the inverse Fourier trans- 
form, 



1/(^)1 



J[-7r,7r]d LJ 



/[-tt.tt]'* 

This imphes the fohowing: 

Corollary B.2. Let f:Z'^ such that f{x) = on V^, and 

h''{Vm) — C-A^'^^^ for some constant c independent of N. If k > d/2 + /, 
then there exists C > independent of N such that sup^jgy^ | V"/(x)| < j^^^ 
for all < |a| < /. 

APPENDIX C: COMPUTATION OF THE CONSTANT C^(D) 

We stih need to show the convergence toward the second-order capacity 
C^{D) in the upper bound of Theorem 1.3. This is analogous to a similar 
statement in the higher-dimensional case; compare [10]. Let 

HHVn) ■■= {/ G H\Vn) : fix) = Vx G O^Vn} 

and 

C^{Vn) ■.= {f:VN^R: I V°/| < c/Af l"l , a G /(x) = 0, Vx G O.Vn}. 
If / : y ^ M, we write /jv for the function Vn ^ M, /Ar(x) ■= f{x/N). 

Lemma C.l. 
inf{|| AAr/i||i,(v^^) :heHlh>lon D^} 

= SUp|(lDjv,/Af)Div - ^{fNGNfN)-f&L2{VN):f = on Vn\Dn^ 

= ^^P| Jl^'^'nik ■ f ^ ^^(^^) ■■f = OonV^\DA. 
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N 



Proof. We start with the first equahty. Since Eo{Vn) is finite dimen- 
sional, there exists a minimizer h^^\ Obviously, /i^'* = 1 on Dj\j. Further- 
more, A^/ij^^ = outside D^. To see this, set Tp{e) = J2x£Vn I'^^7V^(^) + 
£<^{x)\ for any test function ip : Vn U d2VN — > with (p{x) = for all x G 
Vj\i \ Dj\[. Then ^|£=o = 0, because /i^^ is a minimizer of the norm. But 

this implies {A'^h^^\if)vj^ = (A/i^\ Ac^)^^ = for all if as above, and thus 
the claim. Set 

By the fact that = outside D^, summation by parts gives 

x&Vm 

The above yields 

sup|(1bjv,/jv)djv - ^(/ivG7v/jv):/Gi2(V/v):/ = on Vn\D 

> 2(/Af, ^iv^)D^r ~ {fN,GNfN)DN 
x&Vm 

which is one direction in the first equation. The other direction is an ele- 
mentary calculation. 

The second equation follows by expanding / in a basis of eigenvectors of 
the symmetric matrix Gn- Maximizing shows that both sides are equal to 
SigN , where the are the eigenvectors and Aj the corresponding 

eigenvalues. □ 

Lemma C.2. With the above notation, 

hm mi{\\l:^Nh\\l,y.:h(^Hlh>l onDN}=Cl{D). 

Proof, {he H^iy) : /i > Id} is a closed convex subset of the Hilbert 
space Hq{V) and, therefore, there exists a minimizer /iq for Jy\Ah\'^dx. 
For every n G N, the discretization ho^N^x) := hQ{x/N) belongs to Hq{Vn), 
which proves one direction. Let e > 0. For every G N, we can find h^^^ G 
Hq{V) such that h^^'^ > Id and the discretization h^j^^ of h^^^ is equal 
to /i^^ of the proof of Lemma C.l. If N is large enough, II^Itv^^ ||L2(VAr) — 
11^^^^ lli2{V) ~ Since ho is a minimizer, we have liminfAr^oo II/^tv^ Ha^ > 

liminfTv^oo ll^^^"* IIl2(V) ~ ^ ^ II^o||l2(V) ~ ^- Since e > was arbitrary, the 
claim is proven. □ 
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